Abstract. The Hilbert modular fourfold determined by the totally real quartic number field k is a desingularization of a natural compactification of the quotient space Γ k \H 4 , where Γ k = PSL 2 (O k ) acts on H 4 by fractional linear transformations via the four embeddings of k into R. The arithmetic genus, equal to one plus the dimension of the space of Hilbert modular cusp forms of weight (2, 2, 2, 2), is a birational invariant useful in the classification of these varieties. In this work, we describe an algorithm allowing for the automated computation of the arithmetic genus and give sample results.
Introduction
Let k be a totally real algebraic number field of degree n over Q with ring of integers O k and discriminant d k . For i = 1, . . . , n and a ∈ k, let a → a (i) denote the ith embedding of k into the real numbers. The group SL 2 (O k ) acts on H n , the product of n copies of the complex upper half plane, by a b c d (z 1 , z 2 , . . . , z n ) = a (1) z 1 + b (1) c (1) z 1 + d (1) , a (2) z 2 + b (2) c (2) z 2 + d (2) , . . . ,
The Hilbert modular group of the field k is Γ k = PSL 2 (O k ). The Hilbert modular variety of k is a desingularization of the natural compactification of Γ k \H n . For more detailed discussions of the construction of these varieties, see [7] and [12] .
The arithmetic genus, in the sense of Hirzebruch [8] , is a birational invariant useful in the classification of nonsingular varieties. Specifically, it is equal to one plus the dimension of the space of Hilbert modular cusp forms of weight (2, 2, 2, 2). By [4] , the arithmetic genus of the Hilbert modular variety of k is given by
where the first summation is over a complete set of representatives of the Γ kequivalence classes of fixed points of Γ k and the second is over the set of cusps. Precise definitions of E(Γ k , η) and L(Γ k , κ) are given below. Hirzebruch [7] provided a formula for computing the arithmetic genus in the cases where the ring O k contains a unit of norm −1. This has been widely used for computing the arithmetic genus of Hilbert modular varieties of odd dimension, since −1 is a unit of norm −1 in any field of odd degree. For varieties of even dimension, the computation is more complicated. In the 1970's, Hirzebruch, van de Ven, and Zagier [9, 10] demonstrated how to carry out these computations for surfaces, but until recently little progress was made with higher degrees. It must be said that part of this is due to the earlier lack of computational tools. For example, a challenge as little as a decade ago, the computation of the volume term,
, is all but trivialized by now-available software packages. In [6] , the current authors focused on the degree four case and determined how to compute the fixed point term, η E(Γ k , η). This left the cusp term, κ L(Γ k , κ), as the final roadblock to completing the computations. In this paper, we offer a now complete solution to the problem, providing an algorithm for computing the arithmetic genus of the Hilbert modular variety of an arbitrary quartic field k, and describing our implementation thereof.
We develop the necessary mathematics and describe our algorithm for computing the cusp term in Section 2. In Section 3, we review the needed results from [6] and describe our algorithms for computing the volume and fixed point terms. Finally, in Section 4, we describe our specific implementation and give a table of the arithmetic genera of the Hilbert modular fourfolds determined by the 210 totally real quartic fields of smallest discriminant.
The cusp term
In this section, we develop the tools needed for computing the cusp term,
for an arbitrary quartic field, k. We begin by defining notation.
Let C k denote the group of ideal classes and E k the group of units of O k . It is well known that the set of cusps of Γ k \H 4 is in one-to-one correspondence with C k . Letting [a] be the ideal class corresponding to the cusp κ, we have [4] . In this notation, the cusp term is given by
. We begin with a lemma proved in [6] .
If the hypothesis of Lemma 1 is not satisfied by k, then there exists a real character, ψ : I k → ±1, on the group of nonzero fractional ideals, satisfying ψ((a)) = sign(N (a)) for all nonzero a ∈ O k . It follows that ψ(a 2 ) = 1 and so, letting x vary over integral ideals in
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As in [6] , let Φ be the set of characters φ : I k → ±1 induced by a complete set of characters on the group
Now, since each φ is trivial on principal ideals, each ψφ is a quadratic character on I k satisfying ψφ((a)) = sign(N (a)) for all nonzero a ∈ O k . Hence, each ψφ corresponds, via class field theory, to a quadratic extension k of k, unramified at each finite place and ramified at each infinite place. In fact, as φ ranges through Φ, the k range through all such field extensions of k.
Since each k is a totally complex quadratic extension of the totally real number field k, we have 
where k ranges through the set of unramified, totally complex, quadratic extensions of k.
To compute the sum in equation (2), we use the computer algebra package KASH [3] . We determine the set of quadratic fields, k , as follows. RayClassField and RayClassFieldAuto are used to determine the narrow class field of k (that is, the field corresponding to the group of positive principal divisors). Then OrderSubfield is used to find all degree 8 subfields. OrderSig is used to determine which of these subfields are totally complex, and OrderIsSubfield is used to determine which of the totally complex subfields contain k. Once the appropriate quadratic extensions of k have been determined, the commands OrderClassGroup, OrderReg, and OrderTorsionUnitRank can be used to evaluate each summand.
This computation is carried out only when O k contains no unit of norm −1 and no integral ideal b for which b 2 = (β) is a principal ideal with N (β) < 0. We check for a unit of norm −1 by using the commands OrderUnitsFund and EltNorm. If none exists, we determine whether there is an integral ideal b for which b 2 = (β) is a principal ideal with N (β) < 0, by using OrderClassGroupCyclicFactors. Viewing the class group as a product of cyclic groups, this command provides, for each cyclic factor, the order of the factor and an ideal in a class that generates it.
For each cyclic factor of even order, we raise the representative ideal to the order of the factor, thus producing a principal ideal. Finally, we use IdealIsPrincipal to obtain a generator for the ideal and EltNorm to determine whether the norm of the ideal's generator is negative.
If any of these generators is of negative norm, then setting it equal to β gives us that by Theorem 2, κ L(Γ k , κ) = 0. We now show that if no such generator exists, then no such β exists.
Lemma 3. If the above process fails to yield a generator of negative norm, then every generator of any principal ideal equal to the square of an integral ideal in O k has positive norm.
Proof. Suppose that b is an integral ideal such that b 2 = (β) and N (β) < 0. Since k is totally real and contains no unit of norm −1, b is not principal and so is in an ideal class of order 2.
Let c 1 , c 2 ,. . . ,c n be representative ideals for generators for the cyclic factors of the class group of k. Let e 1 , e 2 ,. . . ,e n be minimal nonnegative integers such that c
n is in the same ideal class as b. So we have αc
Since each side of equation (3) is a principal ideal, the hypothesis gives us that each c 
The volume and fixed point terms
As noted in [5] 
, which is easily computed using the command zetak in the software package PARI [1] . It follows from the work of Siegel [11, 13] that 15ζ k (−1) is a rational integer. Although PARI does not provide specific error-bounds for zetak, all of the outputs were within 10 −25 of an integral multiple of 1 15 . Computing the fixed point term is more involved. As defined in [4] , letting η be the equivalence class of a fixed point z, this term is given by
where Γ z is the isotropy subgroup of z and ζ is the rotation factor of M . We summarize our computational formula for this term in the following theorem, which is easily derived from If
where the f r are as given in Table 1 .
The following corollary simplifies the computation. 
Implementation and results
Our implementation consists of a shell script calling two programs: a simple PARI program that produces a table of values of ζ k (−1), and a KASH program that performs the remainder of the calculations. As input, the script takes a file of fields in a form output by PARI as found at the University of Bordeaux's number fields web site [2] , with one field per line. Our PARI program creates a new file of ζ k (−1) values which our KASH program reads along with the original input file. For each field in the input file, the KASH program computes the volume term, the fixed point term, and the cusp term as described in this paper and combines them to compute the arithmetic genus.
We ran the programs using PARI 2.1.4 and KASH 2.2 on a SUN Ultra-60, with a 450MHz Sun UltraSPARC-II processor, running the Solaris 5.8 operating system. Results for the Hilbert modular varieties defined by the 210 totally real quartic fields of smallest discriminant are given in Table 2 . As an indication of the time involved in these calculations, it takes approximately 40 minutes to compute the first 100 cases, 100 minutes to compute the 210 given in the table, and 13 hours to compute the first 1000.
As a final note, running the program using KASH 2.4 resulted in errors, apparently arising from a problem with the OrderSubfield command.
